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Abstract
Quasi-elastic responses in nuclear matter and in 12C and 40Ca nuclei are
calculated in ring approximation to investigate the finite size effects on the
electromagnetic quasi-elastic responses. A method to simulate these effects
in infinite systems calculations is proposed. The sensitivity of the results
to the various terms of the residual interaction is studied. The results of
nuclear matter RPA calculations are compared with those obtained in ring
approximation to evidence the importance of the exchange terms.




The quasi-elastic excitation of the nucleus is particularly interesting for nuclear struc-
ture studies because of the interplay between single particle and many-body eects. The
excitation energies characterizing the quasi-elastic peak are well above the nucleon emis-
sion threshold, therefore, one or more nucleons are ejected from the nucleus. Before being
ejected, any nucleon can interact with the others nucleons composing the nucleus. Consider-
ing this eect in a nite nucleus formalism is a dicult task because the nuclear nal states
are described in terms of their total angular momentum and the presence of the continuum
implies the sum on a large amount of possible congurations.
In a nuclear matter formalism one takes advantage of the translational invariance to
simplify the description of the nal state of the hadronic system. The use of the innite
system formalism is rather appropriate for the quasi-elastic electron excitation, since excita-
tion energies and transferred momenta are such that the excitation process is well localized
within the nucleus and collective surface excitations are negligible. In any case additional
approximations (say, a variable Fermi momentum or the local density approximation) have
been considered in the literature to simulate nite size eects.
We can classify the necessary ingredients to describe the process in three main issues: the
single particle basis, the inclusion of initial and/or nal state interactions and the operator
describing the action of the external probe. Regarding the rst point we have already said
that some work treats the nucleus as a nite system [1]- [11], while other ones use a nuclear
matter approach [12]- [25].
Referring to the second point, one of the simplest approaches to include initial and nal
state interactions is the Random Phase Approximation (RPA), with or without exchange
terms (the last approach named ring approximation). In the RPA [1]- [5], [12]- [14] one
particle-one hole (1p1h) excitations are summed up to innite order. One step further in
complexity is the so-called Second RPA (SRPA) [6], [15] which, in addition to the 1p1h exci-
tations, considers also those generated by 2p2h. The Extended RPA (ERPA) [7], [16], [17];
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contains ground state correlations beyond RPA. The Green function approach of Ref. [8] is
based on a philosophy similar to that of the SRPA. In this approach the relationship between
forward virtual Compton scattering and inclusive electron scattering is used to construct a
one-body approximation to quasi-elastic electron scattering. The role of the short-range
correlations has been investigated in the framework of the correlated basis function theory
[10], [18].
Concerning the third point, the external operator is usually represented by electromag-
netic one-body operators, but in the transverse channel it is important to include two-body
terms as the Meson Exchange Currents (MEC) [9], [11], [23], [25], and the excitation of the
virtual or real (1232) resonance [19]- [22].
In the present paper we investigate the sources of some inconsistencies between nite and
innite nucleus calculations. For example it seems that, once the residual interactions has
been xed, the eects of the ring approximation are larger in nuclear matter than in nite
nuclei. To simulate the nite size eects in the quasi-elastic peak, we have done innite
systems calculations with a diused Fermi surface. Then, we have studied the eects on
the responses of the various characteristics of the interaction, such as the dierent channels,
the range and the density dependence. The innite systems results have been compared
with the calculations done for the 12C and 40Ca nuclei, two doubly magic nuclei with the
same number of protons and neutrons. The agreement we have nally obtained between the
two kinds of calculations is satisfactory, even for the nucleus 12C, which is supposed to be
relatively light to be well represented as an innite system of nucleons.
Encouraged by this result, we have evaluated the response functions within the nuclear
matter RPA framework of Ref. [13] to investigate the eects of the exchange terms neglected
in the ring approximation.
The paper is organized as follows. In Sec. II we briefly present the eective theories used
to perform the calculations. In Sec. III we compare the results obtained in nite nuclei and
nuclear matter both for the free and the ring responses, and we present the nuclear matter
RPA responses. Finally, in Sec. IV we draw our conclusions.
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II. FORMALISM
The response function for inclusive quasi-elastic electron scattering is given by,
R(q, ω) = −1
pi
Im < 0jOy(q)G(ω)O(q)j0 > (1)
where ω represents the excitation energy and q the three-momentum transferred by the
electron. The nuclear ground state is denoted as j0 >, while O(q) is the excitation operator
and G(ω) the polarization propagator,
G(ω) =
1
ω −H + iη −
1
ω + H + iη
(2)
where H is the nuclear Hamiltonian. We introduce the operator P , which projects onto 1p1h
congurations. The way of building these congurations depends on the particular choice
of the single particle basis. In nuclear matter the single particle wave functions are plane
waves, while in a nite nucleus they are eigenfunctions of the one-body Schro¨dinger equation
for a mean eld potential. In our case we use a real, spherical, Woods-Saxon potential.
The response function generated by 1p1h excitations can be expressed as:
RPP (q, ω) = −1
pi
Im < 0jOy(q)PG(ω)PO(q)j0 > (3)
The evaluation of RPP is not straightforward since the nuclear Hamiltonian is in general
not diagonal in the 1p1h basis. The solution of the problem is the RPA response. In the
present work, we shall compare nite nucleus results obtained within the ring approximation
of Ref. [5], with the corresponding nuclear matter responses.
In most calculations done in innite systems the Fermi surface which separates, in mo-
mentum or energy space, the hole from the particle states, is a sharp step function. In the
next section, we shall show that this approximation reproduces rather well the position and
the shape of the free responses calculated in nite nuclei. However, the ring responses are
appreciably dierent when evaluated in nuclear matter and in nite nuclei. The original
motivation of the present work was to explain this discrepancy. The rst attempt to im-
prove our nuclear matter model, is to replace the step function representing the momentum
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distribution of particles and holes, by a more realistic one. For the holes with momentum
h we make the substitution,
θ(kF − jhj) ! n(h) (4)
where kF is the Fermi momentum, h  jhj, and
n(h) =
1
1 + e(h−kF )/a
(5)
being a a constant to be adjusted. An analogous expression can be obtained for particles.
In the next section we shall compare results obtained with this smoothed Fermi surface
in ring approximation with those obtained in nite systems calculations. With the same
smoothed momentum distribution we have done RPA calculations following the computa-
tional scheme developed in Ref. [13] which we briefly describe. In nuclear matter, direct
RPA terms can be summed up to innite order (ring series), but, in general, it is not pos-
sible to nd a closed form to sum all the exchange terms. Normally these last terms are
perturbatively considered and, for numerical reasons, this is done up to the second order.
On the other hand, it possible to make the full summation of the exchange terms when a
contact interaction is used. Full sums are also possible for separable interactions. To exploit
this feature we rewrite the residual interaction V , as:
V = Vcontact + ~V (6)
The Vcontact term is a contact interaction conveniently chosen to make ~V small. For Vcontact
both direct and exchange terms are summed up to innite order while ~V is perturbatively
considered up to the second order which we found to account reasonably well for the whole
sum. Interference terms between Vcontact and ~V are included up to innite order in Vcontact
and up to second order in ~V . A more detailed description of the method can be found in
Ref. [13].
The nite nucleus calculations have been done within the Fourier-Bessel computational
scheme adopted in Ref. [5]. The single particle basis is generated by using a Woods-Saxon
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mean eld whose parameters have been xed to reproduce experimental rms radii and single
particle energies of the bound states close to the Fermi surface. By neglecting the exchange
diagrams, the RPA equations are rewritten in terms of local density functions which are
expanded on a Fourier-Bessel basis. In this manner the problem to be solved, for every
value of the excitation energy, is the diagonalization of a matrix whose dimensions are
four times the number of the Fourier-Bessel expansion coecients. More details about the
method can be found in Ref. [24].
III. RESULTS
In this section we compare nite nucleus results with those of nuclear matter. This is
done for two nuclei: 12C and 40Ca. The 12C nucleus is perhaps too light to be appropriately
described in terms of nuclear matter. On the other hand we wanted to test our model also
in extreme situations and, last but not least, the nite nucleus calculations are much less
involved than in the 40Ca case.
The transferred momenta analyzed are q = 400 MeV/c and q = 500 MeV/c. These
values are suciently large to eliminate the presence of collective surface vibrations, and at
the same time, suciently small to require a limited number of partial waves. In the nite
nucleus calculations we sum multipole excitations up to angular momentum J=12 [9].
The rst step of our calculations consists in xing the values of kF and a in eq. (5) to
reproduce the nite nucleus free responses. For 12C we have obtained the values kF=0.85
fm−1 and a=0.20 fm−1 , and for 40Ca, kF =1.0 fm−1 and a=0.17 fm−1. The comparison with
the nite nuclei responses is shown in Figs. 1 and 2, where we have also added the results
obtained with a step function Fermi surface represented by the dashed lines. In this last case
we have used the procedure of Ref. [11] to x the value of the Fermi momentum obtaining
the values kF=1.09 fm
−1 for 12C and kF =1.19 fm−1 for 40Ca. These values are noticeably
dierent from those xed by the smoothed momentum distribution. As expected, kF in-
creases with increasing mass number. We succeeded in obtaining a satisfactory agreement
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with the nite nucleus responses, especially for 40Ca, in the case of a diused Fermi surface.
As expected the high energy tail of the nite nucleus responses can be reproduced only by
the calculations with a diused Fermi surface.
The comparison between the various responses calculated in ring approximation is shown
in Figs. 3 and 4 for the 12C and 40Ca nuclei respectively. In these gures the meaning of
the symbols is analogous to that of the previous gures. The interaction used in these
calculations is the nite range polarization potential utilized also in Ref. [5]. The nuclear
matter calculations have been done with the values of kF and a previously xed.
Two observations should be done about these results. A rst one is about the fact that,
in general, the full curves reproduce better the nite nucleus results than the dashed ones.
In a second place we observe that the longitudinal responses are better reproduced than the
transverse ones.
The rst observation induces to conclude that the sharp Fermi surface, even with an
eective value of the Fermi momentum, is unable to reproduce the nite nucleus results.
This feature does not depend from the residual interaction, as we show in Fig. 5 where
the various 12C responses have been calculated, always in ring approximation, with a zero
range Migdal interaction. We have used the following values of the parameters of this force:
f0 = 386, f
0
0 = 289.5, g0 = 106.2 and g
0
0 = 135.1, expressed in MeV fm
3 units. These
values have been chosen to magnify some of the eects we want to discuss. Specically, the
big value of f0, ten times larger than the one normally used [26], enhances the dierence
between the nuclear matter calculations in the longitudinal response. Here it becomes more
evident the poor quality of the sharp Fermi surface calculations. Our diused Fermi surface
calculation is able to reproduce rather well the nite nucleus results even in these extreme
conditions.
Concerning the observation that, the longitudinal responses are always better reproduced
than the transverse ones, we have veried that this fact is due to the dierences between
innite and nite systems. The isospin channel of the force does not contribute in ring
approximation calculations of nuclear matter transverse responses, while it does in nite
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nuclei calculations. The eects of this dierence become evident by comparing the transverse
responses of Fig. 5 with Fig. 6. In this last gure the 12C transverse responses have been
calculated with the contact interaction above described but without the isospin channel
of the force, i.e. by setting f 00 = 0. The agreement between the nite nucleus responses
and those obtained with the diused Fermi surface is comparable with that obtained in the
longitudinal case.
We should remark the fact that the polarization potential has a density dependence in
the scalar and isospin channels. In the nuclear matter calculations we have used the force
parameters dened for the nuclear interior. We have checked the sensitivity of the results
by switching o the density dependence in the nite nuclei calculations and comparing with
the responses evaluated with the full interactions. The dierences found between these two
calculations are of the same order of the dierences between nuclear matter and nite nuclei
longitudinal responses. We conclude that for the calculations of quasi-elastic responses the
density dependence of the force is not important.
In Figs. 7 and 8 we compare the RPA nuclear matter responses (full lines) with those
evaluated in ring approximation (dashed lines). Both calculations have been done by using
the polarization potential and the diused Fermi surface. This comparison shows the eects
of the exchange diagrams evaluated in RPA and neglected in ring approximation. For
the particular interaction used these eects are noticeable, especially in the longitudinal
responses and for low values of the momentum transfer.
In the same gures we also present the free responses (dotted lines) and the 12C and 40Ca
experimental points. Our results show that the major source of disagreement between free
responses and data is produced by correlations beyond the RPA. In Ref. [5] the role of the
nal state interactions and of the eective mass was pointed out. The inclusion of these two
eects within a simplied model produces a good agreement with the 40Ca data [9]. The
same model is however unable to explain the 12C transverse response data.
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IV. CONCLUSIONS
In the present work we have compared nuclear matter and nite nuclei quasi-elastic
responses induced by electron scattering. We have proposed a computational scheme which
is able to reproduce the main features of the nite nucleus and, at the same time, it has the
computational advantages of nuclear matter. This has been achieved by using a diused
momentum distribution of particles and holes in nuclear matter calculations. We have
described the momentum distribution with a simple Fermi function depending from two
parameters whose values have been adjusted to reproduce the nite nuclei free responses.
With this simple model we have calculated the 12C and 40Ca responses for dierent values
of the momentum transfer in ring approximation. The agreement with the nite nucleus
calculations is excellent for the longitudinal responses. We traced the source of the small
dierences found in the transverse responses to the isospin part of the residual interaction
which is not active in nuclear matter calculations.
Using the same residual interaction, the polarization potential, we have done RPA cal-
culations, i. e. we have also considered the exchange diagrams. The aim of this calculation
was to test its feasibility. Finite nuclei RPA calculations have been done [1]- [4], but they
require a large computational eort, while our method is simpler and more suitable to be
used for those extensions beyond RPA which are necessary to describe the experimental
points.
With respect to this last point some words of caution are necessary to avoid double
counting. A rst one is about the residual interaction which in RPA calculations cannot
be the polarization potential constructed in Ref. [29] to consider in average manner the
exchange diagrams. A second warning is about the diuseness of the Fermi surface which is
partially produced by correlations eects beyond RPA.
Our approach should be compared with the most commonly used method to account for
nite nucleus eects in nuclear matter calculations: the local density approximation (LDA).
Unfortunately this comparison is not straightforward. In LDA the responses are calculated
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for several values of the Fermi momentum and then they are appropriately averaged to ob-
tain the nal result. In the averaging procedure the way how the responses for each kF are
weighted, diers from nucleus to nucleus. However, for each kF a sharp Fermi surface is
employed and this implies that the second term in the right hand side of Eq. (2) does not
contribute. This terms, however, gives a contribution when a smooth Fermi surface is con-
sidered. This contribution is normally small but it becomes appreciable when ω  20 MeV .
This is the formal dierence between our method and the LDA. From the pragmatical point
of view the poor quality of LDA results in reproducing nite nuclei quasi-elastic responses
has already been pointed out in Ref. [11], where the eective momentum approximation was
found to be better. Here we have shown the superiority of the diused Fermi surface scheme
even with respect to the eective Fermi momentum approximation. One should also consider
that also from the computational point of view our scheme is superior to the LDA. In the
last case one has to calculate nuclear matter responses for dierent values of kF , while in our
case a single calculation is necessary. For the fast calculations done in ring approximation,
this diculty is irrelevant, but it becomes an handicap for RPA calculations, or for more
elaborated ones like SRPA or ERPA.
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FIGURES
FIG. 1. Nuclear matter free responses for two values of the momentum transfer compared with
the continuum shell model 12C responses (black points). The full lines have been obtained using
a diffused Fermi surface, the dashed ones with a step functions Fermi surface. In both cases the
values of the parameters have been modified to reproduce the finite nucleus responses.
FIG. 2. The same as Fig. 1 but for 40Ca.
FIG. 3. 12C responses calculated in ring approximation with the polarization potential. The
meaning of the lines and of the symbols is the same as in Fig. 1.
FIG. 4. Same as Fig. 3 for 40Ca.
FIG. 5. 12C responses calculated in ring approximation with the zero-range Migdal interaction.
FIG. 6. Transverse 12C responses calculated in ring approximation with a contact interaction.
The spin-isospin term was left out.
FIG. 7. 12C responses calculated in RPA (solid lines) and ring approximation (dashed lines)
with the polarization potential. The dotted lines show the free responses. Data from ref. [27]
FIG. 8. The same as Fig. 7 but for 40Ca. Data from ref. [28].
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